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ABSIRACT

Coupling uxists Letween in-plane extonslious and lateral deflcctions
of plates integmlly stiffened on one side a8 vell as other types of
plate construction teing used in modern adrcraft. A deflsction tbeory
is pregented from which problems involving coupling may be approached.
The significance of coupling i3 meat appeuent in pm’;lam favelving
lateral stavility of the plate. In the pressncsg of coupling, the
type of probles becomeg one of deflectiona raxthey than stability.
Coupling has & general detrimental effect in thst it causcs latersl
deflectiona at locads less then the wncoupled Mmekling losd and lowers
the load level at vhich deflections grow rapidly (that is, buckling

in the wncoupled casa).
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1I1. INTRODUCTION

Recent airersft ving designg have incorporated plates which are
intogrally stiffoned only oo oue side. The effectiveness of integral
stiffening is partly duc to the fact that direct nstresses in the gkin
are confucted into the integral atiffesers; thws the stiffeners ure
axploited Su cawrying elresses in thelr transverse ag wvell as their
longitudinal directions. The stress distribution through the ithicknoss
of the akin and stiifency of a plate Lstogmlly etiffencd on one cide
iz such that thore is no plane of symmeiyvy of etressaes. This lack of
symatyy iotvoduccs banding and twisting mocente which produce curvia-
ture of the plete when divect stresses are amplied in = plane of the
plote. This ¢ffect is referred to as coupling.

Coneral force-distortion eguations (thet is, equations relating
forces, roments, straing, and curvaturas) are presanted in reference 1
for plates integrally stiffened én cne side. Rufereace 1 includes the
offect of coupling in thn force-digtortion equations aud preseuts a
mrthod for caloulating the assoclated slastic 's:omtwﬂ;s. Pigure 1,
tuken from reference 1, illustrates scversl $Pypes of integrally
aliffensd panels.

The sigaificancu ol coupling is most apparent in probless whlch
would lavodve slavility coasideratlons vere coupling mot present.
Becnuse of this couwpling, laternl deflection of the piate occurs at
The pmil.m has therefove s amnletely new aspect vhich prohibits ita

being treated an a conventiocnal stability pmhlcn
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Hing surfaces eoaﬁtructed of plates exhibiting the coupling efilect
will take on curvatures, mmmmaammufmmm_, when
they are stresded in their plane. These lateral deflections may Lo
Wmmshtoaﬂm advergaly the wing's mmmpfaperues.
Exiating plate theory does not include the effect of cowpling; there-
fore it cannot Geteruine the magnitude of lateval defleeticns due to
coupding.

A deflection tiwory is dewveloped imrcin vidch takes coipling into
account. This deflection theory is eppliecable to any isotropic or
anisotropic body which behaves essentially as a plate. The effcat of
transverse shear dctormatlon, lapu & ia corrugstod-core sandwvich
uvistes whlch oy xibit coupling {xef. 2}, 18 not included in the
rresent theory.

Mathematically, a coplete elastic theory may be specified by the
following cmamﬁ;sz

1. Force-distortion eguations

2. Equstions relating strains and displacements

5. The minimisation of a potential energy expression for the

systen .

k, Geametric butedary conditions
Ths force-distortion equations mey be obtained from references 1 or 2
whoen considering intagrally stiffened plates or corrusated-core sand~
wich plates, or they aay e determined esparimectally in other cases.
The sirais-displasemmat ssustions for rlstes in which stumling is

AT B OEEAL T AMT AT Y g

v
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prasent are the saue as those used for senvuntional ilates, Hefersnce §
presaats such a set. The pete;tigl ener.s exoression is darived in
avyendix 4 and the geometrie bLoundery crorditions are deteraired by the
particular provlem gonsidered.

An elastie theory may aiszo be constituted of the {irst two snd
Courth components as listed pius equilivriux and natural beundary condi-
tions, The equilibrinm equations and tte so-eallad “ratursl” boundary
eguations are derived in Aspendiz %'sy means of the prineipla of «ini.
maas potentisl eneryy (ref. $; in conjunctiom »ilth ihe salculus of
variations. The potentlial snery exprossion, eguilivrius egusiions,
and notural boundary egquations sre present:d in the'toxt. wnder bLoe
sgctisa srniitisd “Rasults cnﬁ Discussion,”

The eguilibriuz sguations can alze ba deriwed by eonsidaration of
tive forces and xoments astin: on the faces of & differertial elewent of
the plate and apclication of ine conditicn taat vze slewsnt zuet be in
a state of stutic equillbriuw. & use of the principle of minlaiu
- potentisl energy, honever, trhe natural bouw dary eonditionsa mnien osust
ba gatisfied are obtainsd in additicn to the squatione of eguililyium,

L sxact smsll-deflection solution to the ai. ferentlal eguation of
euuilibrinm is pressnted in A oendix C for ihe case of an snisetrornis
nlate exhibiting coupling. The nlate is consilered to be siuply sup-
rorted on sl edrea ind ie lsaded oy an evenly distributed in-plans
corpressive load. Thle solution illustrates that 4insefar as small-

; this areblex i3 not the faxillar

-
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atatility problem Lut one of racid growtn of daeflectiens with ssalld
incresses in load. Tals rapid growith »ill occur at & loac level which
is lewer toan or egual to the uncoupled Lworidng load., Coupling is
tterefere shomn L0 be & detrimental aifect in tLis respect, dspending

on the marnitude of the soupling terzs,



(a) Longitudinal or transverse (b) Longitudinal and fransverse

(c) Skewed (d) Skewed plus tongitudinal and transverse

Figure 1.— Examples of integrally stiffened plates.
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IV. OSTATEMENT OF THE DPRODLEM

The first purpose of the prescnt paper is to provide an elastic
theory from vhich pecblems involving coupling way be approached.
Potential energy and equilibrium expresaizus will be derived for thesc
are the somponents of the theory which are lacking. The potential
energy expressica may be uged either in mmail- or large-deflection
enalysis. Eguations of eqguilibriuw are presented for both smell- sod
large-dafiection tiwory.

The sccand purposte of the presem papery is to deternine the uffect
of coupling on G&tﬁ.ccmom ard wckling of a simply supported
anisotreple ymi;e in cwpression. A sall dcflection analysis of this
aroblen 1s made using e theory presemted herein. Mo large deflaction
anslyuis is all wd; however, aa ashization of the lawge deflection

elfect of coupling iz made.
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Vo FORCI-STORTION E. UATIONS

wierences 1L «ad 2 present jorce-disiortion equuatiens for inte-

graiiy etiflenay plutes and corrugated-cory sanawien sletes, rec;ac

tively, wuich conbtaln added terns due Lo coupling betweer distortions in

toe nlone of the pladte and lateral deflections of ihe plate.

existance and evalustion of trnese couplins terzs will net be tre.ted in

this paper since smple ¢iscussion may ba found on these su' jects in

reforencas 1 «nu 2. Toe force-distortion vquations of referesnces 1

and 2 are given in the following forms

a2 dDem . e
j‘“jx -, Dl("}_x-g' +* w m-) ‘\bllﬁx + blz;i:,'

By =- DZ(%;% + uy

- ) * L bx * Cagiy

o

(1)

{Mhe transverse siicar dellection terms of ref., 2 are rot included in

tidis gete That efivet is not wiluin the seope of tuls paper.)

farad aw sarrasatud _oaye as

-

s

- 8ot ef 2quations sssuzes that censtructions sueh a8 integrally stif-
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thickness anlgotrupic plates in vhich %’ ﬁ;} and % repressnt
) ™ -

curvatures and twist respectively and Ky, Hy, and “xy act In
arbitrarily locsted plane I, II, and III, respeotively. PFigure 2,
which is taken from refcrence 2, illustrates the forces and moments
acting on an infinitesimel element of un equivalent unifors thickness
anisotropic plate. The material properties of this idcalized elemout
may be considered to vary unsymmetrically about the midplase to pormit
coupling to exiet even visn the rasuliant forces sre applied in the
midplane. The location of the planes in which the forces act is
arbitrary for the force-distortion squations in squation 1 for the
sake of geoeralily. Those gemeral exgrressions will be used in the
ensulng derivations of the potential enerey and oquilibrlum cxpreseicns.

Some of the coupliag ltorms in these eguations may be eliminsted by
choosing the planc in vhieh the resvitant forces act to e 80 located
28 to cause a mooend, and thus a curvature cowster to that glwen Ly the
coupling cffect. Thus if the plane in widch B, 1is acting 18 ac
located a8 to eliminabe coupling tetween mwrvalure in the x-directlon
and strains in the x~direction and if {he plane in whieh Ey is acting
i8 50 located a8 to clininate coupling bebtvean curvatures and straing

in the y-directlisn, the force-distoction eguations take on the form:



———-—— Plane I

——--—— Plane I
—e-— Plane I

Figure 2.— Forces and moments acting on element.
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The forces N, and ‘ﬁy could ve 80 rlaced as to elizinste coupling
netween Yy and iy and My and Ky Then, tne fores-distorticn

sjuctions besons:
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By choosing the proper plane in which K}%, is t¢ act, uancouwpling
Mmﬁmm%mymomacmx@lismd. in g , three
of the coupling terms given in equations (1) may ve eliminated by
proper cholce of planes in which the forces K, I, ed K sact.
For an unsymeetric congtruetioa, no more than three of the terrs may be
elimineted. If the plate i8 of a2 sysmotric iype constructior, all
soupling may be eliminsted by locating the forces Ry, ﬂy, arsl H&, in
the midplane of the plate.

Porce-distortion cyuations s given in equstions (1), (2), and
() are of the form which would apply for any wsysmetrical typc plate
consbiuction. Mojhods for computimg the clastic constants of integrally

ptiffennd plates are presonted in references 1 and 6, and msthods for



computing the slasiic cosstants of corrugnted-core sandvich plates are
presarted in reference 2. 7The elagtic constants for the above-mentioned
congtructions or any other upsymetrioal type construetion may of course
be a.et»emimd experaemially .



¥I. SPRALN-ULSTLACENSHT BQUATIONS

1. wbrain-displscisent ejustions s:plicadls bo thie tngory in

wiieh courling is considered are the s.@s as Lbose ylven in referencs

for ordinary plate tueory. They are

1

(k)



Vii. RESULTS AID DISCUSSICH

-A. Potential Energy of the Plate

The derivetion cf the potential enerpy for a platg that defores
according to the furce-distortion relations given in eguations (1) is
mmteﬂin&pwﬁix& The analysis of the external work given ia
Appendix A bas been limited to cases in vhich the meactions do no vork.
Thus, only coubinations of free, simply supported, or clamped odge
conditicas may bo consldered wing this analysis. The snalysie may be
generaliced by cousidaring the energy of distorting springs capable of
vesisting displacencrts and rotations digtrituled along the edges of
the plate.

The form of the potentlial ecnergy expreassion presented below is
obtained by lmtegrating bty parts the terms in equation (Ak) which
contain the boundery forces W, R, and W, . Some of the resultisg
terss, those which correspand to the egunticns of equilibrius for
furces in the plane of the plate, have boen e'l_.:'-.mimted becaune the
forces must sstisfy equilibriuve at all times. (These sgquaticns of
equilibrium are derived later in the appendix.} This procodurc is the
sapme a8 thet uscd in tbhe appendix of refereuce 5. The strain-
displacement eguations sre applied to eliminate u- and v-displacements
from the energy cxpression. The reaulting form of the energy

expression is
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)
In this formy, the polential encrgy is a Daactiun of only the deflectiun
and the in-planc forcos vhen the substitotia from equaticns (1) is
made for the mopents and strains,

. in equation (%) are o

g o
a

The in-planc Doroegs W, k;;; and i
anactly thoge which wvoldd prevall in the alsence of coupling. The
distrivuticon «f the ine-plame forces vwitdun the bandaries of the plate
18 not only a Puwtion of the ineplane bowviary forces vt alse a
functicn of e lebaal deficetions «f {he nlabte as may be ceen fro
equations (1). Iwever, the change in the dlatribution of in-plew
Tirces due to couplligg will bo cmell io tkob practicel ceses. This is
because changes i g ineplane foree distribubion arvise from shangen
in cwrvature oL the plate, aud the chenges in aovators will boe very

5 23 s cnnads g YA e - e S Y o de A FIS PO, [ ; S,
small n the jrosant applications of suell-dcflestions theory., Yinw

;|

L PO SR S VU TN N TSR o
pie distyibutl oo of Ine-plane

orees Witaln g boundardes oF Lhw pliote

e

t

=y Ve assuwacd o te Wab sAdsh wenld? prevalil In the absonce o oovwliug,
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By cbserving the ebove almplifyine assumpbicn, the potenbial
cnergy expressich, cpmtion (35), may Le wod in conjunetion with: the
force-distortion cquations 10 the cunvertional manner to solve mmll-

deflection probleg for plates in which coupling is prepent,

B. Epllidrim end Doadazy Dgoations
The eguilibriug and boundary egationg for 8 plate in which
coupling io present are devived in Appendix B As would be epocted,
these equations ere the amue as those for an ordinarmy fsotrople r
anisctropic plabe vhon they are esgeoical in terms of the foresg. Hows
ever, when the copessgicns for the momanic a8 glven in eguaticos (i) are
substituted Luto Ww egudliborhe &ud boumdsry eqations, the effect F

[P e P S L NS T
aopling is addbiled.

1e Smli-Goflockicn equating.- Foy problems in vhieh cnly momii-
deflecticns are coapwidered, the egmbicng f eguilitwiwnm for fn-plane
forces mRY 06 dlsregrrded because inepluke alensions due Lo curveliure
are neglizible, The rawining equiliberiu ﬁqmti;h and sabural boundaxy

cquations exe
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Aleng 7 = 0O, ©

Ty = - Ba/%-az-',-'- * wx P . cai¥x v Cuzvy (13)
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v
e 0 (1)
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Luatione (6) *nrough (18) bacems these for an uncoupled &

plate when tse ccupling terms ars cero. The natural boundary eguations

- 1 .
-u.l}

are reatricted to probless inm whish the edges are nob slastls

restrained,
For most practical problems there will bs no gradient of the inter-

L2 B SR ™
&4 U8 SSTC.

ral in-plane ferces and the courling taras ‘n equation (O] wi

waen lateral cellections of the plabe octur, there =a, be 3029 redis-
Toss sus to eeunling, out for Ue

tribution of the internal in-piane Io



Brall -daflectione case this redisiricution zay be negleegad for recsons
gir . cd previously. bwith tue ellaginxilcn of the cou:ling termza from tne
e;uation of equilibrica by the adove coneidserations, only the nstural
oounds -y equebions will isposee the offset of seupllng upon tie crobleam.

In ¢he case of a plate olsrwed on 2ll edyea, there will e o
erTact of coupling because the natural boundsry egquitlions which contain
tre eourling terms do not aprly. For a alate sinmguly susported on all
edyos, equations (7) snd {13) are the enly boundary equatlons wiigh
#ill iucose the elffexrt of coupllng upon the problem. Ihe mm of
the coupling terms ia lbe sou dary ejuctions produtes the s effect
as tnat of momants distributed wieng the edges of the plats, For
sxazplo) 4f egustion (7) is apilicable in & given problaw and F‘x = {3,
the coupling terxs of sguation (7} wmay be thought of as external
moments 2cting on the ed es 2 = O, 4 of sagnitudes -~ C1jMy amd
~ G218y Thus, for a simply supported lats in coapression, the pro-
blem hecosse ihat of an uncowpled s3ixply surportsd plate in compres-
sion acted nron by the evenly distrivuted noments -3«.11"71 along
x « 0, 3 &and -(231'!‘3', aitong y = O, b,

The differeatial e.uatione of equilibrivu subjest Lo the toundary
gonditions discussed way te solved 4in mary ways demdir;g upen the
distrivution of the in-planz forces., The selutiocn for the case of &
2imnly eurperted anisotropiec plate in compression is presented in

Aspardix G
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it may be ssen {rea the abows discussion that uany problems wtiech

would roquire 4 stability anaiysis for e uvnocoupled case bacoxe
protless of defleccticn in the nressnce of ecupling.

2, Large-deflection equations.- ¥or large-deflestion prablem;

where extenrionsl stroeses bacsme significant tre equilibrium squatiene

for all three directions must be congiderad slauliuncongly with the
forse-distertion and the strein-displacement egqu.btirns. Combining
these three seots of equatlions in a mamer simliar to that ziven in

reforence 4 results in the following lwe eguations:

|
:t.a’*f‘.(;.-z ).__a.é‘z._..,z..séz,c. alw |
Feaab \ T 7B/ ada? A gk 2L
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J

1quatfonstl9) and (20) togsther with the bowsiary conditions determine

¥ snd F. The londs uey then be determined by equationa (21). The

reneral solution to the differentlal eguations given in (19) and (20)

ia unxnown.

C. Exmct Smoll-Deflection Selution for a Simply

Supported imiéatropic Plate ir Compression

The exnct small-deflection ssluticn to equation (5 for

gupported anigotropic plate is pmsma*&w diin Appewdix C.

obtained by oeparating the problem imto Two parts: one perv

a Simply
gf’s‘i!"‘.‘;nﬂ W

s ol 2o i o

for

cotbiing betvess w.wiss forces and ecurvatures in the Z-direction; the

etherpaxtfwcanpliagbemearwiwformmﬂmmm@mw
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y-direction. when gsupling in only cne direetion is pr.scﬁt, Loe

met ods of separstion of variatlss iz applisd in solving the differ-
ential egustion of equilinriux. The deflections ctiained from the
solution of these two probleus aro‘-uparimgnsed to obtain the sclutien
for the general case in which coupling exlsts in toth directions.

As ghown in Arpsndix C, there ars several different solullens to
the differential equations Zayendia: on whetier the roots of the
churacteristie synations are real, .mszlnary, or comclex. This is
deterained by the load and plate propsriles,

Fer & given set of plate projeruies, load-detflection curves may
be covsuted from Lhe eguatiore presented in appundix ¢, From suen
gurves, & load level may be ldentified al which .he deflections prow

rapidly with small increase of lead., This load will be below or
equal Lo the uncoupled buckling load,

Lomputations have btsen meds usipny the soalutions -resented in
Appendix C for the deflacticn of & peint iln the plate for cases in
wiich the flexural stiffnesses of the plates Dy and Dy are e ual.
The aspect ratio is varied from 1l to 3 and the valuve of H/D is
varied from 7.125 to ke ({Equal Flexural etiffness and values of
B/0 would be founi in integrally stiffensd platsa, sue: 48 shown in
part (b) and the 45% cuse of pard (e) of fig. 1.) The computaticns are
presented in figures 3 turouwgh 7 as plots of wy/C)1 and wy/Cpy
against & load parameber k. For given values of 0)) and Gz,
the total deflestion w(w = wy + wy) at the point of saxlaun defliec-~

tion may ve ecompuded frow the informstion previdsd ia figures 3
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Deflections computed at x =
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(Deflection due to Cp1 only.)
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tarough 7. From a plot of the tolal weflecilon againut the lead
parcmetey k, the load level at .cion ihe deflectlons begin to yrow
rapidly way be ldentified. [uds load luwvel is siwilar to the fasllay
huc?ling load in that in eaon cese & rasid crowtn of deflactiza ocours,

In the section entitled :Leti:ats of large-de{laction effects it

il be found that the lindt of accuracy of -this particular s.all-
deflectler zolubir-n for compubing deflections Is ay.roxisately two-
tentns of the thickness of the plate. For scus sodern wing constramiions
w.len inecorporate very thiok sikins, sa7loctions of two-tentihe of he
t.olosnese sey be signitiecant. Snalli-doflscbion theory will ve of
cractieal valve in compriing tas ma nituse of prevuckiing deilsetions
wosn oounling 15 present in these nlates,

le iliustrative example.- fizure ¥ lilustrites loac—lerlsctien

curves ovtained frow tne data of {izures J torougn [ Uy cheosing
w1 * ULUSNOh  amd Lyy = 0.0A80h. These load~deilecticn eurves
2ouly to the case H/U = 1, and &/ = 1,¢, ana 3. (T1:i8 re;reseitp
& fadrly thick ritvirg for mest intesrally suviffensd plates,)

“non a/b = 1, the mode of weflestion due to cousling {(le. one-
salf wave lengbh in esch direction} 18 idectlivel to thai in wnien ;ha
uwncnacled plate will Luekle ugon reectiay e wuckling load. Treis,

trere is no traneition frow ose uode $o snether, and tne curve is

L
gupelie An effectiv huekling load of Lk o - %8 15 sstirsbed for
tide sage, “hen 8/b = 2, the abrot diverrenes of ¢ fleetion at

k = -y 1is dus to the inccmpativility between he mode of dellioctisn

due to the coupling action and thal inbe whicn the plate will puckle
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upoen reachding the uncoupled buekiing lcads The asvrurt divergence

gt kw -} is wen & yieldiﬁg ¢f the _srser mede to tne lster, &ien
a/b » 3, there iec scos degres Of o.ahidility Letwoan e mode of
deflestion due to thae ccupling action end the unconpled :iuekling mode,
The yicldiné to the uncoupled muekling wie is, theirslfore, less atrurt
teoan the a/b = 2 case, but it is xore sbrupt tuan the a/b = 1 case,
in effective Suckling load of k a-4.5 iz estimuted for this cace,

A8 the mepect ratio is inoressad above a/b » 3 tie wode of
datlgetion due ¢ crupling astlon DECOBS HOTE incompablible witi: the
tuekling sode, Ihe effect of coupling on ithe uncoupled buexiing load
#3314 accordingly becows neglidvle.

for cases in.xhich the bending stitffnessep differ in tne ortuogoasl
direstions, xno suah geonersl stitocusuts ¢an be pades Lecause e buekles
in the uncoupled Duokling wole are rob negsssarily ajuare., These cases
must Le treated inddvidually.

2o catimation of large~deflsction aifects.~ It was found that che

dafleotions due to coupling as indicated by saall~cdefle-tion tlLeory are
simllur to those which ars indioated oy the zmall-deflection solution
te the myobler of & vlate with & small inltisl deviation frou flatness
subject to the sswe boundary conditions. A large~deflsetion analvsis
of ithe compresgive buekling of a square plate sin. ly supported em all
edgea witn smzall initial veviatvlens fros Flatness is presented in refer
ance 7,
In both the probles of initial deviations 150k flatness «nd the

PEobler of counliog a divergence of daflections is lucurred by L.e
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presence of deflectione prior Lo the uncomnled {lat nlate bnzkléng
1ead, 4Alse, in sucy ocase tne post-puckling state aprroaches Lhat of
L6 uncoupled Plat plate. (In the post-buekling state, &aé effect o
courling will becous ne;lipible tecauss ag the load incresses above

ti-e load level at wide:n the deflections grow ra.idly, :he rate of

veflection growtn deursuses; therefors, tne e fech of coupling v - v

decreases,; Trus, it mky be assuwed that the transition froz the stuge
in which small-deflsction theary is apslicabls For the case of cou-
rling to large«leflection theory for the uncouyled flat plate is ine
sa.# a3 that for a similar plate with ap initisl deviation froa flat-
rear, That 18, when samll-de{lection theory for each case indicate-
eoincident load-deflectlon curves, or nearly coiacident in the racge
in which the deflections grow ra+idly, the transitien %o larze-
deflection treory for the uncoaupled flat nlate is the same. This point
is 1llustirsted in figure 5.

Figure 9 {llustrates a {ew cames in which the eguivalence bLetwssn
the initial deviations from ilatness w«nd the coupling Lerms Lave be=n
estaulishad, There are an infinity of conbiuations of the two coupling
teras for which this equivalence could rave been estauvlishe.,

reference 7 presents inforsation oaly for squure isotrocic plutes,
The results may bs & pslisd a8 an & proxlsation to Lhe deflaetiobs of
isqtropie plates of yreatel asisci ratios than those presanted in
figurses 3 through 7. Irn the sase of large aspect ratics; -he puckles

in the post-buekling ataze «ill tend toward their unaturel s uire shape
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and the ‘nforasticn of [igure § will tepesore furnis: a goed ayproxi-

mation Lo tLhe deflections 'o be expacted.

L4



The elagiic thewry mesated hersin formp s basis from wiich
problems Sovolving oruppling ey Le tregiod. The significmnce of
coupling 18 fost spprrent in problems shlch would involve stability
constderaticns in %he absence of coupling. The gresence of defloce
ions due to cuugpling perfor to vemching tke uncoupled buckling load
forces the protien o be trested ag cnc -f deflecticts rather then
stability, cmm@mammﬁmlmwmm Lype
uf x:mblqa in thed it lowers the load ab which deflectivos prow repddly
(that 1s, buckiing in the uncoupled case)s

The effect «f coupling on the buckling of plates of egual bending
stiffnesses in thelr two criogonal directicos becomss naglipible as
the espect ratic of o plabe becomsus lsrga. Some Interal defiechion
) pricr te buckling will ocour, howewer, cven for large aspect ratics,

. The general suisciruplic plate 18 congideved in the small defliec-
ticy aclution o the differential m&m of equilibrimg, Copartas
ticos were made fwmmﬁmmmﬁ.&wm&awmm
Theeqmtiemam&@ﬁﬁmmnmw ceger in which the bending
stiffnesses are ot egual.
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Dorivation of Poteutial Energy Expression

The derivations made in this section stall bs made only for
rectangdar plates the edges of which are X = 0,a and y = O,b,
Howervey, the methods sre general and may be applisd to a plate of any
shape, The foﬁlwi.ng msthods are gimiiar (o0 those ueed in reference 3,
Straé.u‘mt The strain energy mroduced by the moments H,, ﬁy, and
Mo Snd the berizonts) loads Wy, Wy, and Mgy can be obtained bty
cunatderine the work done by these forces in distorting & differential
alowent such as shown in figure 2,

The werk done by the moment M, dy in rotating through tho

diztortion - 2x 2 @ with respact to the covosite face of the slscent

.
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-2 F e g &)
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- fay :}'\?2 G &7 ib;

ive work done by the twisiing moment Mo dy  in twistiop torouri

tho Aisiootion a;!ay dx with r{ag:}g}g‘t e Lid ﬂ:}l}l’)ﬁ:t& face of i
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- hg -
and the woric done bty the twisting monment ligy dx oOn the adjacent face
of the alement is likkewise
1, 4w
2 XY 3xay ¢y

The work dome Ly the horizontal airect load My &y in aoving through
tive dislorilon e dy wildi respect to thé opposilte face of lhe slousnt

is

“imilarly, the work dene by the norisontal direct lcad Ny dx is

g
"
L5
5

,

7 tho aorizontal shege loads Ly &y &and ot G An

cacning Wno distoriion Ty 1is

Mey¥xy 4X &

opr

asstwstlons ave boen aads 1L Lae BLOVEe Gerivaliofng lualb b

sixearing feorces on adjecent feces are eyual and tielb the twistinm - aenis

on adjacent facves are equal. Toere are acsunpillons on the ejuilivriua

L]
ni Wg clesent ans will taecefora Le reflected in tue Jderivubicn of
tre gsvdlilorivm epnations in whioh fhe straia enewyy srxprassion will e
used, 1t is necas. ooy Luat this asgumeitlion Ve asude teonuze the

-

asguntions are inherent in tis forcs-irntorilon relallong woich ars



%,

being considered, The gorrectness of these assumptions is substan-
tlated in reference 6 for 1ntogrally'at1ffenad plates.

B ~lntegration of each of the compgnents of strain enorgy, (a)
through (g), over the area of‘tho rectangular plate gives tha total
strdln energy of the plate, thus

| LY o2
ﬂt%ff ~£‘§xg;§'~‘ﬁy§§02ﬂxy,m+;‘ixﬁx%’ﬁyﬁy‘f

070

Sxyyzy)dx dy

The ccupling eifsct is charscisrized vy luteral ceflections of
;&i&éﬁ in the plate res&ltiég froz the aupkication of horisonidl losds,
iﬁér&fcrc, ihe suraing in éﬁe plane of the plabte wual & axyresssd in
tered of latcral as weii as norisonbal dis;lacsussub:
for the sirain “4, Ly' and Tay in toras of the displagouwents
ny v, and w are given in equebion(O Luvsbionbtlon of equatiea ()
inte eyuatlon { U) peradts tre strain energy bto e expresszed in

termg of only the loass wad disnlacementsz,

/ y > o
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External ﬁom( The boundary sonditions comsidered in the following
~ds aet include thoae. 6{ the type such that the presctions do work.
That is, ¢lastic supporw,m not ineluded, The work done by Lheé
* herizowhedl boundary foress Ry, ¥y, and Wy, is

&
. f
hgs )

Tha work done by the boundary meaonts EX, ﬁy, and KXY in

' —

a
Hyu fﬁvv
S o)

b?;‘."" i
ﬁyv . sm,aig &x {a}

]

Llagengl e [lgsegl o ©

vy A : , . - -
The wmerk done by tae boundary tranuverse shear foress yy Wik ey I8

FPlael @+ '[:bkﬁ't ax (e)
v’ Y kY]

Ti.e¢ work dome by a lateral loaciue q(x,y; over tue plate is

[®
| qw dx dy (d)

Q ¢

The total external work »’i‘ is thien the su: of the axpressions {a}

trpougn (4},



. - Bl =
b, | e ‘[t'
te [ |BasBoe - f .5 M.l dre/ Sy
EA b S AL AR
{a3)
’W~'Qyﬂigd¥’f JO Qv dx dy

The tatnl potantial energy of the systez is givan by subtracting the

extsrnal aerk Lrom. tha straln snergy, thus

o
. 0 0
(2]



Derivation of Wm and doundsry EQuations

RﬂmmmefﬂmﬂmmmWM
wumwmmmaxmmwhu
mwmzm‘msh- WW:Mmm‘mm systes are
those fer which the potemtial energy of the system $s a minimus,
Tie wiertisl snergy sxpressien derived in Appendix A shall iberefure
ve minintged in thls section by the Retinds of e ealeulus of
wmim 8). The emations tms cbtained by mimimlsing the
mtmbial mmf with respest to the displacements u, v, and w
will e they Wm of equiliriun ia s iy y=, and g-diresticna,
“‘z}mmti%ﬁ“ ndTASsseiated neturel boundary eQuations,

n order that the pcsum:iai enoryy sxwession, ewvation {45},
&y be axpresssd in terms of displagenots cenly, the following sob
of ivroe displacement cquations, ratier thin L conveniional sct
mresentad in the taxt, shall be uscd awrever necesssry, The iy
se olackie constants related to those given in equations (1),

The relatiousidps betwoen tiz elastic constaniys of thds form
a4 o forme sxesented in the text are eosily derdved; bowever,
the will oot bo required 4n the followine trenbment  and therefore

are not given.
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S5aplifying equation (B2) by subetitution from equation (E1)
yields \

e [t 8 n e - [ - [igafn o

The fireb term of the sbove exjression can be integrated by parts,
tius only S remains rather than darivatdves of &u,

9 ﬁ‘ﬂh(%* ifg)m&w *j:!(ﬁx - Hx)m

[ |B - ) |

The mivirdeing conditicn oa tim poteuiisl soergy is thet thd walwe

s

@'ﬂ

o .
()

-
ax
o

of 5;,¥ wust be sero for any valus of &, Imposing this condition
reoaiby in the fhllowlng differantisl eguation of equililrdium od

natural boundary equations:

%’[;K % ,};v » {j)

Lol or us O along =0, &

-

Yoy ® lher ¥ B w3 2iong « 3, b
<y oy ) E 3

A

inilardy, the  firvst variation of ouuttisn (a5) with resnect 4o
y-diaplacerents aad the aiadmigetion of tie resdt leads tou tig

folioadny ditereatdal equation of evuilibwium and Doundary ogisvianisyt -
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The dbowe expression can be simplified by substituting the forces
given by equation (Bl) wherewer possibvle, The expression for
&7 then becomes
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Twosine the cindmizing condition Wb OV = 0 for eny value of

W res.dte in ghe  ollowing eguation of cguilibriunm and natural boundary

- equations:
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teyms of the frocan are the sane a8 those for a conventiooal isotropic
or muisctrepic fimt plste. Wben the cxpressions for the maments given
in squations (1) is mbetituted in egustion (Bi2), the equebtion of
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viere = puD) ¢ Dy, and T s tensien, Of the natursl boundary
conditions given, only equatfons (7) and (13) win be different from
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those for an wmeowplsd _ plate, These two equations begome
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Figure 10.-~ Plate considered.
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This reSeral boandary coudition may be effected by considering the
egquivalent uncoupied plate te bs agted upon by moments

Yy » ~Cy%; along x=0,8
s (e3)
K,--Gglﬁx*llong y=0,0
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The problem shall be separated into two parts; tha first is that

vwhich would result by considering the foroe-distortion ejuations as

those given in equation (3), and the seocond is that which would result

by considering the force-disiortion equations as those given by

squation (2), The solutlons of these tuc problems when superimposed

will be the general sclution for the case of the genersl force-

- .
<

distortion eguatic:

-

The first part

n egustion (1),

of the problem is then to obiain the solution to

eqmtion (Cl) subject to the following boundary conditions:
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Assuee the deflsetion funetion

-
e e S sin ¥ (cs)
* n"’l-n’ss”n '

which automatically satisfies y-wise boundary conditions. By substi-
tuting the deflection function into equation (Cl) tbe following
equation is obtained:

xntn-an(g Ex \Ho—-xnanL-OKIan‘Ef {C6)
D e by ey
The pameral solution to equation (C5) is

X, = clgmx . czaﬁzi * 039‘33: + cheah‘ (cT)

whers the m's are the rcots of the characteristic eyuation and are
Ziven by

x

R T T 2 T A
m--an B;ia,«* ;-'4'.2;} —5;‘ {f‘,«%}

and

2
b
ke -5-- (k will be negative for a compressive load.) (C9)
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The roots of the 'dhumu mtkm may be of four types:

1.

2.

3
k.
For the roots to be complex the condition is

}
|

o
[ -l

where

Roots all complex

Foots all imaginary
Foots all real

Roots real and-imaginary

p, /B k\?
b

My = ap(ey + iby)
My = apfan - 1by)
Ry * ~ay{ag + 1by,)

mj, = ~ap(an + iby)

2B LE
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&a'\ 2
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®n =\ 2

(c10)
. (an
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By substituking s valind of e charecteristise roots given in
equatica (CAL) tutc equmtion (C7), the fimction X, may be expresacd

ia the fornm

% m'msmwwmmw) -

810k Cpanx(C 810 Onbnx + D cos Cnpbyx) (€2)

By substitubing this fom of ¥, inbo e solution of the differential
equation of equilibrius aod applying the boundary conditions given in
{¢ch) (o Pourier mm for the x-wise cxvature 18 used) ¥, is
determined in the following form

s Ly k s
8in Onbps 2ink Gfint COB Opbgx - sinnwcwnwam%bﬁk
1. oo fpbge + cosh fymna
sinh Gl s&uunkgn]
(cak)

Por cenes in which

B,k .2

(m 2-75) -5y

three possibilities ramaing all roots roel, all roots imsginary, or
2 roots resl and 2 rootes jmezineyy. iy the cese for whieh all reots
are real will ve consldered, for if the roots are imeginary, the
relationships betwman hyparbolc end tyigmemetric function mey be
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Thorefurs, consiiesding the roots to be remt, the functton X, if of
the form

%n = A conli Cyon® 4+ B sinh opopx * O megdnx¢nsumc&¢g:
| (c13)

1=

ook, fm, 5)E D
e (B2
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By substituting the form of X, given by eqaticn (C15) inte tw solue
tion of the differontial eguation of eguilivrlum and applying the
boundary conditicne, squation (Cb), X, is dotermined in the foliowing

forms

xﬁ-—;;-o-w 51 SI5h Gty )5%(&1&@%&0&1%@*

hcnk( i )(J.mwahc:ncna
Fn™ - dy

{cx7)

/1 - cosih o dp8) o
(mﬂzaﬁ%. j o4 O G W%%{}



£

—~ -

If either or both of tie parameters ¢, md d, ere imaginary

tiw function Xk, way be found oy subsvitubing appropristiy the
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cosh £ (o, or 4,) = oos £ (e} or d})
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Thus, the deflection functlion i» cumposed of a summation of L “wheve

X, my be of ssveral types of solutiona for givem plate properties and
values of n.

The seccnd pard of thia problem, in which the forse~distortion
squation:of eyuation (2)sre assmed % govern, is solved in a siailae
meoner to the first part. Bquation (Cl) is suwbjscted to the following
geonsirigal boundary conditions. |

e

o = o = oy = ¥l + 0

353 -3\ -t S (e20)
w0 xeq
= I

he following deflection funeticn will be used sines it satisfies the
r-wise boundary cenditions automstically
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¥, #in ? _Y (c21)

By substituting this defloction fimction ints the differentlal eQuation
of equilikrium, equation (Cl), the following oguation is obtained:

!éavl-xﬁtaii-%a#%ﬂn 10%;5)!!‘-0 (c22)
(o= )

The ganeral solution to equatien (C22) 4a

, y

In.cl.‘l * Hgoaggwoﬁh.w (023)
where ibe wis are the rooisof the characieristio equation

e[ REWE)

The rootcof the characieristic equation may be of three types;

i. ALl rovots couplex
2+ All roots real
3« Two yoois real and two roots imapinary
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L)< # e ) % (c25)

&1l the rocts ars complex. Then

m = fuley, ¢ 40)
m = 58, ~ if) A
> {(C26)
33 - "f'\n(% * ifn)
m, = B le, = if,)
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By a process similar to that used in the first rart of this vrohlem
vhen the roots were complex, the functiom Y, 18 determined here 53

e (§f P

I;in Bufeb 8inh By, 008 frfyy  #inh Pyerb cosh Preny BN Prfey
cos f.fob + cosh Bepb

sinh Py sin pntﬂy] {C28)

It is #gen by inanscting sguation N‘af) that ghen

(%)2?_ %[1 s (%_)2 K (¢29)

all tha mots of the charactoriatic sgwtion are real. The form of the
fuxtion Y, is then the same as eqwation (C15) and 4s determined
sixdlarly for the bouwndary ecnditions psiven in squation (C20) to be
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oinh Pubeb sinh fphiny = cosh Bphny {%.30)
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; _ S (cn1)

in #.igh eése W of the rvoole will he ronl amd fwo 711l be
lmmginary, Tha form of the rart of the solutiom eontainine ihe
real rools will be the san»a am that piogm in t?m first ten te;ms nf
SO TLN ((:33} s vt the perd oonlaini, We imaciovary ;:-:mta aust he
Wtenrived by svbebituting reloticnshing aisilar to thoge civen in
ecgtion {C1R) into the Llist oo tarms o7 ecaztion (N}, Tre

s dution for the eondilion wiven !n ommtion {7132) is
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¥or the geperel case ia which there 13 coupling between Loth

soTents and the load Hy (both U3y and Opy have valuss), the

o
-
% - > Ry sin B« ¥, nin 2K
WherG bho  X's and the Tp's cowsiond to the functicna derived

barel. sor ;lven plate properties and valus of n,



